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Abstract
We deVne a third grading on Khovanov homology, which is an invariant of
annular links but changes by ±1 under stabilization. We illustrate the use of our
computer implementation, and give some example calculations.
Annular Khovanov homology was Vrst deVned in [APS04], as a special case of
a construction for a link homology theory on I-bundles over surfaces. It has been
investigated in a number of articles (e.g. [GW10, AGW14, GW11, BG12, DAW13, GN13]),
and [GLW15] begins exploring the representation-theoretic context, giving annular
Khovanov homology the structure of a representation of the sl2 current algebra (see also
[Kee14, QR15]). The purpose of this paper is to discuss a closely related annular link
invariant, which recovers both annular Khovanov homology and the usual Khovanov
homology as specializations. While much of this mathematics is well known to people
working in Khovanov homology, not all appears explicitly in the literature. In order
to explain our computer implementation we’ve included some background material on
homological algebra to make the description self-contained.
1 The annular grading on Khovanov homology
Given a point in the complement of a link diagram, the chain groups in the Khovanov
complex can be given a third ‘annular’ grading, as follows.
In each complete resolution of a link diagram, three types of cycles are distinguished:
cycles that do not enclose the marked point, called trivial cycles, and cycles that enclose
the marked point, called either even or odd nontrivial cycles, which are distinguished by
the parity of their nesting depth.
Each cycle is assigned a 2-dimensional vector space spanned by symbols {v+, v−}
with Euler gradings +1 and −1. When the cycle is trivial, both symbols have annular
grading zero. When the cycle is non-trivial, of either parity, v+ has annular grading +1
and v− has annular grading −1.
The usual Khovanov diUerential can be decomposed as dKh = d0Kh + d
−2
Kh, where
d0Kh preserves the annular grading and d
−2
Kh shifts the annular grading down by two. The
sutured annular Khovanov homology of a link diagram is just deVned as the homology
with respect to the diUerential d0Kh.
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(In fact, the vector spaces associated to cycles can be given the structure of sl2
representations: trivial cycles are assigned V0 ⊕ V0, while odd non-trivial cycles are
assigned the standard representation V1, and even non-trivial cycles are assigned the
dual representation V ∗1 . The annular grading then agrees with the sl2 weight space
grading. The sl2 action only commutes with the dKh0 term of the diUerential, so descends
to the sutured annular Khovanov homology, but not to any of the other homologies
discussed here.)
We’re also interested in the degeneration of sutured annular Khovanov homology
to the usual Khovanov homology. Rather than working with spectral sequences, we
introduce a parameter β to control the grading shifts, and work over the ring Q[β]. We
give the parameter β the annular grading +2.
Lemma 1.1. The diUerential d˜ = d0Kh+βd
−2
Kh gives a graded complex of freeQ[β]modules
whose homotopy type is an annular link invariant.
Proof. Let f be a chain map for an annular Reidemeister move (that is, a Reidemeister
move performing an isotopy that stays away from the puncture). Then f commutes
with the Khovanov diUerential dKh. Furthermore, since f and d0Kh preserve the annular
grading, and d−2Kh is in degree −2, f must commute with each term in the decomposition
of dKh separately: d0Khf = fd
0
Kh and d
−2
Khf = fd
−2
Kh. Thus f commutes with d˜.
Further, it is easy to see that under the isotopy that moves a single strand across the
puncture, each homogeneous representative of sutured annular Khovanov homology
changes annular grading by ±1.
The invariant we have deVned is an up-to-homotopy complex in the category of
free Q[β] graded modules, with diUerentials all in degree 0. We now describe in more
detail exactly what such a complex looks like. The objects are just direct sums of Q[β]
in diUerent gradings, and diUerentials are matrices with rows and columns indexed by
these direct sums. Each matrix entry is then a degree 0 map from Q[β]{n} to Q[β]{m}
for some integers n andm. The only such maps are zβn−m if n−m ≥ 0, for some z ∈ Q,
and zero otherwise.
In the additive category of complexes we have:
Lemma 1.2. A complex of freeQ[β] graded modules is isomorphic to a direct sum of shifted
copies of
0→ Q[β]→ 0
and
0→ Q[β] βk−→ Q[β]→ 0
for some k ≥ 0.
Proof. If all the diUerentials are zero, we are done.
Otherwise, one of the diUerentials, say dk, has a non-zero entry. In particular, it has
a lowest degree non-zero entry. We may assume (by permuting direct sums) that this is
the top left entry, and so we have
dk =
(
aβn γ
κ ω
)
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where βn divides γ, κ, and ω. Following the argument in [BN07, Lemma 4.2] we see that
· · · → [A]
 ϕ1
ϕ2

−−−−−→
[
B
C
]  aβn γ
κ ω

−−−−−−−−−→
[
D
E
] (
ψ1 ψ2
)
−−−−−−−−→ [F ]→ · · ·
is isomorphic to the direct sum
· · · → [A]
 0
ϕ2

−−−−−→
[
B
C
]  aβn 0
0 ω − κ(aβn)−1γ

−−−−−−−−−−−−−−−−−−−→
[
D
E
] (
0 ψ2
)
−−−−−−−→ [F ]→ · · ·
even when aβn is not an isomorphism. Here by κ(aβn)−1γ we mean a−1κγ′, where
γ = βnγ′. Hence, we can break down the whole complex into a direct sum of shifted
copies of
0→ Q[β]→ 0
and
0→ Q[β] βk−→ Q[β]→ 0.
(Recall here that ‘shifted’ refers to all of Euler gradings, homological gradings, and
annular gradings.)
When we pass to the homotopy category we have:
Corollary 1.3. Such a complex is homotopy equivalent to a direct sum of shifted copies of
0→ Q[β]→ 0
and
0→ Q[β] βk−→ Q[β]→ 0
for some k > 0.
Proof. The map β0 is invertible. This makes every copy of
0→ Q[β] β0−→ Q[β]→ 0
contractible. Hence the complex is homotopy equivalent to the complex where every
copy of this summand is removed. We are left with a direct sum of shifted copies of
0→ Q[β]→ 0
and
0→ Q[β] βk−→ Q[β]→ 0
for some k > 0.
In fact, the up-to-homotopy representative above is unique.
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Lemma 1.4. Suppose that
C = W0 ⊗ (0→ Q[β]→ 0)⊕
⊕
i≥1
Wi ⊗
(
0→ Q[β] βi−→ Q[β]→ 0
)
and
C ′ = W ′0 ⊗ (0→ Q[β]→ 0)⊕
⊕
i≥1
W ′i ⊗
(
0→ Q[β] βi−→ Q[β]→ 0
)
are homotopic, where theWi andW ′i are triply graded vector spaces. ThenWi ∼= W ′i for
each i ≥ 0.
Proof. First, H(C,Q[β]/(β − 1)) ∼= W0, so we haveW0 ∼= W ′0.
Consider adding the relation βi = 0. Each 0→ Q[β] βk−→ Q[β]→ 0 summand then
has homology(
(z2(min(i−k,0)) + z2(min(i−k,0)+1) + ...+ z2(i−1)) +
+ t(1 + z2 + ...+ z2(min(k−1,i−1)))
)
Q.
If we ignore the annular grading this is just (1+ t)Qi−1 when i ≤ k, and (1+ t)Qk when
i > k.
Thus formally we have
H(C,Q[β]/βn+1)−H(C,Q[β]/βn) = W0 ⊕ (1 + t)
⊕
k≥n
Wk
and
−H(C,Q[β]/βn+2) + 2H(C,Q[β]/βn+1)−H(C,Q[β]/βn) = (1 + t)Wn
This allows us to compute the graded dimensions of theWk, as homotopy invariants.
Theorem 1.5. There is a collection of triply graded vector spaces over Q, {Wi}i≥0, which
are invariants of an annular link.
• Forgetting the annular grading ofW0 recovers the usual Khovanov homology of the
link.
• Taking the direct sum
W0 ⊕
⊕
i≥1
(Q⊕ tQ)⊗Wi
recovers the triply graded sutured annular Khovanov homology.
Proof. Write the triply graded complex CKh(L) of Q[β] modules uniquely as
W0⊗ (0→ Q[β]→ 0)⊕⊕
i>0
Wi ⊗
(
0→ Q[β] βi−→ Q[β]→ 0
)
.
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With β = 1 (usual Khovanov homology), 0→ Q[β] βi−→ Q[β]→ 0 becomes contractible,
while with β = 0 (sutured annular Khovanov homology), 0 → Q[β] βi−→ Q[β] → 0
becomes Q⊕ tQ.
In fact, this up-to-homotopy representative encodes all the information usually
described by the spectral sequence converging from the annular Khovanov homology
to the usual Khovanov homology. The successive pages of the spectral sequence are
given by Ek+1 = H(Ek, dk), where as a vector space E0 is the complex CKh(L), and
the diUerentials dk are the coeXcients of the β expansion of the diUerential on CKh(L).
We Vnd that
Ej ∼= W0 ⊕ (1 + t)
⊕
k>j/2
Wk.
To see this, it suXces to consider the spectral sequence when the chain complex is a
single summand 0 → Q[β] βk−→ Q[β] → 0. (Note that the homotopy equivalence over
Q[β] described in Corollary 1.3 specializes at β = 1 to a homotopy equivalence over Q.)
This complex specializes at β = 1 to 0→ Q 1−→ Q{2k} → 0, so we have
d =
∑
j≥0
dk = d2k = 1.
Thus the E0 page is just (1 + t)Q, and this survives through to the 2k-th page, on which
the induced diUerential appears, killing everything thereafter.
2 Implementation
We have implemented the invariant described above, in the special case of annular links
which are presented as braid closures (with the braid closure happening around the
puncture in the annulus; this restriction could be relaxed relatively easily).
To use this implementation, you will Vrst need to install a copy of the KnotTheory‘
mathematica package which is available at http://katlas.org/wiki/The_Mathematica_
Package_KnotTheory‘. You will also need the Mathematica notebook KhBraids.nb,
available in the arXiv sources of this note, or from the github repository https:
//github.com/semorrison/KhBraids/. After running all the cells in that notebook,
you will have a number of functions available, which are illustrated by the following
examples.
Lines typeset in blue represent input you might type into Mathematica; the following
line in black represents the output you might receive.
One can of course calculate the Khovanov homology of a braid closure; the output
is the Poincaré polynomial, with q tracking the Euler grading and t the homological
grading.
Kh[BR[Knot["3_1"]]]
1/q^3+1/q+1/(q^9 t^3)+1/(q^5 t^2)
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To calculate sutured annular Khovanov homology, we use the optional second parameter,
which allows specifying a diUerential. The diUerentials AnnularDifferential and
LeeDifferential are deVned by the package; you can deVne others yourself.
Kh[BR[Knot["3_1"]], AnnularDifferential]
1/q^5+1/q^3+1/q+1/(q^9 t^3)+1/(q^5 t^2)+1/(q^5 t)
A diUerent command gives the decomposition of sutured annular Khovanov homology
into sl2 representations. Here V [i] denotes the irreducible representation with highest
weight i.
AnnularKh[BR[Knot["3_1"]]]
V[0]/(q^9 t^3)+V[0]/(q^5 t^2)+V[0]/(q^5 t)+V[2]/q^3
The invariant over Q[β] described above can also be calculated using the command
SpectralAnnularKh; an example appears in the next section. Finally, one can ask
for explicit representatives of Khovanov homology (with respect to your preferred
diUerential).
KhRepresentativesInGrading[BR[Knot["3_1"]], -1, -5, AnnularDifferential]
{{1,1,1}}
These are given with respect to an ordered basis which can be viewed via the command
AllBasisVectorsInGrading. The particulars of the notation are left as an exercise for
the reader!
AllBasisVectorsInGrading[BR[Knot["3_1"]], -1, -5]
{
BasisVector[Resolution[BR[2,{-1,-1,-1}],{0,0,1},{{2,4,6,8,9,11,13,14}}],
{{2,4,6,8,9,11,13,14}->-1}],
BasisVector[Resolution[BR[2,{-1,-1,-1}],{0,1,0},{{2,4,5,7,10,12,13,14}}],
{{2,4,5,7,10,12,13,14}->-1}],
BasisVector[Resolution[BR[2,{-1,-1,-1}],{1,0,0},{{1,3,6,8,10,12,13,14}}],
{{1,3,6,8,10,12,13,14}->-1}]
}
CubeOfResolutions[BR[Knot["3_1"]]] //TableForm
Resolution[BR[2,{-1,-1,-1}],{0,0,0},{{2,6,10,13},{4,8,12,14}}]
Resolution[BR[2,{-1,-1,-1}],{0,0,1},{{2,4,6,8,9,11,13,14}}]
Resolution[BR[2,{-1,-1,-1}],{0,1,0},{{2,4,5,7,10,12,13,14}}]
Resolution[BR[2,{-1,-1,-1}],{0,1,1},{{7,9},{2,4,5,11,13,14}}]
Resolution[BR[2,{-1,-1,-1}],{1,0,0},{{1,3,6,8,10,12,13,14}}]
Resolution[BR[2,{-1,-1,-1}],{1,0,1},{{1,11,13,14},{3,6,8,9}}]
Resolution[BR[2,{-1,-1,-1}],{1,1,0},{{3,5},{1,7,10,12,13,14}}]
Resolution[BR[2,{-1,-1,-1}],{1,1,1},{{3,5},{7,9},{1,11,13,14}}]
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3 Examples
As an illustration of the strength of the invariant described here, we now compute the
triply graded invariants of tr b1 and tr b2, where b1 and b2 are non-conjugate 5-strand
braids, whose trace closures are both the 812 knot from the Rolfsen tables. In fact, these
braids come from Vaughan Jones’ table of braid representatives from [Jon87] and from
Thomas Gittings’ table of minimal braids in [Git04].
Example 3.1. Below we show two computations, only indicating the coeXcient of E (the
triply graded dimension ofW0 above). At z = 1 both recover the usual Poincaré polynomial
of Khovanov homology. For convenience, terms with diUering powers of z are highlighted in
red.
SpectralAnnularKh[BR[5,{-1,2,-1,-3,2,4,-3,4}](
t4(q9z) + t3(q5z−1 + q7z) + t2(q3z−1 + 3q5z) + t(3qz−1 + 2q3z)+
+ (3qz + 3q−1z−1) + t−1(2q−3z−1 + 3q−1z) + t−2(3q−5z−1 + q−3z)+
+ t−3(q−7z−1 + q−5z) + t−4q−9z−1
)
E
+
(
. . .
)
C[1]
SpectralAnnularKh[BR[5,{-1,2,-3,4,-3,4,-2,-1,3,2}](
t4(q9z3) + t3(q5z + q7z) + t2(q3z−1 + 3q5z) + t(3qz−1 + 2q3z)+
+ (3qz + 3q−1z−1) + t−1(2q−3z−1 + 3q−1z) + t−2(3q−5z−1 + q−3z)+
+ t−3(q−7z−1 + q−5z−1) + t−4q−9z−3
)
E
+
(
. . .
)
C[1]
This calculation shows that the closures are not isotopic as annular links, so the braids are
non-conjugate, and an isotopy of the closures as links in S3 requires at least one stabilisation.
Although we haven’t shown them, the graded dimensions, and indeed just the
dimensions, ofW1 (that is, the coeXcient of C[1] above) are in fact also diUerent.
We next make some observations about the annular gradings of stablised unknots.
Our package provides the function Stabilization, used for example as
Stabilization[BR[2, {-1, -1, -1}], {-1, 1}]]
BR[4,−1,−1,−1,−2, 3]
For example, we have
SpectralAnnularKh[Stabilization[BR[1, {}], {-1, -1, 1, -1}]]
(qz + q3z3)E + (. . .)C[1]
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The spread of annular gradings in annular Khovanov homology is simply the spread
of sl2 gradings in the largest irreducible representation of sl2 appearing, which is deter-
mined solely by the number strands in the braid [GLW15].
On the other hand, the annular spread of Khovanov homology may be more interest-
ing. For many small examples, it is preserved under stabilization, but this is not always
the case:
SpectralAnnularKh[BR[3, {-1, 2, -1, 2}]](
q5t2z +
1
q5t2z
+
qt
z
+
z
qt
+ qz +
1
qz
)
E + (. . .)C[1]
SpectralAnnularKh[Stabilization[BR[3, {-1, 2, -1, 2}], {1}]](
q5t2 +
1
q5t2z2
+ qt+
1
qt
+ q +
1
qz2
)
E + (. . .)C[1]
SpectralAnnularKh[Stabilization[BR[3, {-1, 2, -1, 2}], {1,1}]](
q5t2z +
1
q5t2z3
+
qt
z
+
1
qtz
+
q
z
+
1
qz3
)
E + (. . .)C[1]
Thus the Vgure-eight knot has annular spread of 2, as does its positive stabilization,
while its double positive stabilization has annular spread of 4.
Generally, the behavior of the annular grading under stabilization seems quite
complicated.
4 Conjectures
We conclude with a few conjectures.
Conjecture 4.1. The stabilized unknot σnn σ
n−1
n−1 · · ·σ11 , where i = ±1 has dimW0 =
z−
∑
i(qz + q−1z−1).
Conjecture 4.2. The spectral sequence from sutured annular Khovanov homology to
Khovanov homology collapses immediately. In the notation above, all the invariantsWk for
k ≥ 2 vanish.
It would be interesting to Vnd a pair of non-conjugate braids, neither of which
admit destabilizations, but with isotopic closures and with summands inW0 diUering in
annular grading by at least 4. This would show that any isotopy requires at least two
stabilizations.
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